Electroweak Sudakov logarithms at high energy, of the form (α/ sin 2 θW ) n log m s/M 2 Z,W , are summed using effective theory methods. The corrections are computed to processes involving two external particles in the standard model. The results include non-zero particle masses, such as the t-quark mass, electroweak mixing effects which lead to unequal W and Z masses, and radiative Higgs corrections proportional to the Yukawa couplings. We show that the matching at the scale MW,Z has a term at most linear in log s/µ 2 to all orders. The effective theory formalism is compared with, and extends, previous work based on infrared evolution equations.
The Large Hadron Collider (LHC) has a center-of-mass energy of √ s = 14 TeV, and will be able to measure collisions with a partonic center-of-mass energy of several TeV, more than an order of magnitude larger than the masses of the electroweak gauge bosons. Radiative corrections to scattering processes depend on the ratio of mass scales, and radiative corrections at high energy depend on logarithms of the form log s/M 2 W,Z . In high energy exclusive processes, radiative corrections are enhanced by two powers of a large logarithm for each order in perturbation theory, and the logarithms are often referred to as Sudakov (double) logarithms. Electroweak Sudakov corrections are not small at LHC energies, since α log 2 s/M 2 W,Z /(4π sin 2 θ W ) ∼ 0.15 at √ s = 4 TeV. These Sudakov corrections lead to a breakdown of fixed order perturbation theory, and need to be summed to all orders.
Electroweak corrections at high energy have double logarithms, even for processes which are conventionally called inclusive, such as the total e + e − cross-section at large angles, because the colliding particles are not electroweak gauge singlets [1] . There are no electroweak singlet fields in the standard model. A composite particle such as the proton, while a color singlet, is not an electroweak singlet.
There is an extensive literature on electroweak Sudakov effects [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . The computations use infrared evolution equations [3] , based on an analysis of the infrared structure of the perturbation theory amplitude and a factorization theorem for the Sudakov form factor [16] . These summations have been checked against one-loop [8, 9, 10] and twoloop [11, 12, 13, 14, 15] computations.
The Sudakov logarithm log(s/M 2 W,Z ) can be thought of as an infrared logarithm in the electroweak theory, since it diverges as M W,Z → 0. By using an effective field theory (EFT), these infrared logarithms in the original theory can be converted to ultraviolet logarithms in the effective theory, and summed using standard renormalization group techniques. The effective theory needed is soft-collinear effective theory (SCET) [17, 18] , which has been used to study high energy processes in QCD, and to perform Sudakov resummations arising from radiative gluon corrections. This paper studies high energy electroweak Sudakov corrections using SCET, and expands on our previous work [19] . In Ref. [19] , we showed how to compute log s/M 2 W,Z corrections to the Sudakov form factor for massless fermions using EFT methods. In this paper, the results are generalized to massive fermions such as the top quark, and include radiative corrections due to Higgs exchange. The corrections are computed without assuming that the Higgs and electroweak gauge bosons are degenerate in mass, as in previous calculations. A new feature of EFT matching, the existence of single logarithmic matching corrections [19] , is discussed in detail, and proven to be true to all orders in perturbation theory. This paper discusses the Sudakov form factor computation in detail. The Sudakov form factor is not of direct relevance to LHC processes, but it allows us to illustrate the EFT method for operators involving two external particles. The computations of the Sudakov form factor given in this paper can be used to compute electroweak corrections to processes relevant for the LHC, such as dijet production, tt production, or squark pair production, which involve operators with four external particles. The results are given in a future publication [20] , and can be obtained from the computations given in this paper by summing over all pairs of external particles with the appropriate group theoretic factors.
The outline of the calculation is given in Sec. II. The SCET formalism and the full theory we use for our calculations are described in Sec. III. Known results on the exponentiation of the Sudakov form factor, and a comparison of the infrared evolution equation formalism with the SCET approach is given in Sec. IV. Section V discusses the calculation of Sudakov corrections for massive gauge bosons and massless external particles. Section VI gives the proof that there is at most a single logarithm found in the matching condition to all orders in perturbation theory, and consistency conditions on the matching coefficients and anomalous dimensions are given in Sec. VII. The extension to massive external particles is given in Sec. VIII for all possible hierarchies of mass-scales, including cases in which particle masses are not widely separated, so that multiple scales have to be integrated out simultaneously. Massive scalar exchange graphs, relevant for Higgs exchange, are computed in Sec. IX. Applications of the formalism to electroweak Sudakov corrections in the standard model is given in Sec. X for light quarks, the top quark, and leptons.
Notation: We use a(µ) ≡ α(µ)/(4π), and a i (µ) ≡ α i (µ)/(4π) where i = s, 2, 1 for the QCD, SU (2) and U (1) couplings in the standard model. Hypercharge is normalized so that Q = T 3 + Y . Logarithms are denoted by L A ≡ log A 2 /µ 2 , for A = Q, M, m 1 , m 2 . C F and T F are the Casimir and index for the external particles. We use the subscript F for both fermions and scalars, to avoid rewriting the same expression twice.
II. OUTLINE OF CALCULATION
The physical quantity we study is the Sudakov form factor in the Euclidean region, defined as the amplitude F E (Q 2 ) = p 2 |O|p 1 for the scattering of on-shell particles p 2 i = m 2 i by an operator O, with Q 2 = −(p 2 − p 1 ) 2 > 0. The timelike Sudakov form factor is given by analytic continuation, F (s) = F E (−s − i0 + ), so that log(Q 2 /µ 2 ) → log(s/µ 2 ) − iπ. We will compute F E (Q 2 ) for fermion scattering by O =ψγ µ ψ,ψψ,ψσ µν ψ, scalars scattering by O = φ † φ, i(φ † D µ φ − D µ φ † φ), and fermion to scalar (or viceversa) scattering by O =ψφ. All operators are taken to be gauge singlets so the incoming and outgoing particles have the same gauge quantum numbers, but not necessarily the same mass.
The form factor, F E (Q 2 ) is computed using a sequence of effective theories. For the high energy process considered is this paper, there are several widely separated scales and we must switch to the relevant theory as we move between scales. At scales higher than Q 2 , the theory is the original gauge theory, referred to as the full theory in EFT terminology. The precise theory, and the SCET formalism used are given in Sec. III.
As we move to scales below Q 2 we transition to an effective field theory (SCET) where degrees of freedom with offshellness on the order of Q 2 are integrated out. The full and EFT have the same infrared (IR) physics but different ultraviolet (UV) behavior and to ensure that the operators in the respective theories have the same on-shell matrix elements, we must introduce a matching coefficient, exp[C(µ)]. For later convenience, the matching coefficient is written as an exponential. If the full theory is matched onto SCET at µ Q then the matching coefficient is chosen so that
whereÕ(µ) is the EFT operator corresponding to the full theory operator O(µ). The matching coefficient exp C(µ Q ) is independent of infrared physics, and can be computed if perturbation theory is valid at µ Q . In general, a single operator O can match onto a set of operators O i in the EFT with the same quantum numbers. This occurs, for example, for four-fermion operators in the analysis of high-energy parton scattering, and can be included by treating all the equations below as matrix equations, as is familiar from the well-known analysis of operator mixing. The matching coefficient C(µ Q ) contains log µ 2 Q /Q 2 terms, and there are no large logarithms if µ Q is chosen to be of order Q. We will choose µ Q = Q, though any value of order Q is acceptable. Any physical observable is independent of the choice for µ Q . It is conventional to choose c(µ), the coefficient of O in the full theory, to equal unity at µ = Q. With this choice, which gives the usual normalization for F E (Q 2 ), c(Q) = exp C(Q) is the coefficient of O in SCET at µ = Q. The evolution of c(µ) between scales is given by the renormalization group equation
where γ(µ) is the anomalous dimension of O in the EFT. We must repeat this sequence of matching and renormalization group evolution as various energy scales are crossed, and more and more degrees of freedom are integrated out. An advantage of the EFT approach is that it divides the full multiscale computation into several simpler pieces, each of which depends on a single scale. This allows one to easily identify which quantities are universal, and which ones depend on the specific process. In an EFT calculation, the IR divergences in the theory above a matching scale must match with the UV divergences in the theory below the matching scale. We have checked this explicitly for all the computations in this paper. In most of the tables, we have given only the finite parts of the graphs.
III. SCET FORMALISM
SCET is an effective theory that describes energetic particles, with energy of order Q, where Q is some large scale which characterizes the scattering process. SCET contains all the modes of the full theory with invariant mass much smaller than Q 2 . The SCET fields and Lagrangian depend on two null four-vectors n andn, with n = (1, n) andn = (1, −n), where n is a unit vector, so thatn · n = 2. In the Sudakov problem, one works in the Breit frame, with n chosen to be along the p 2 direction, so thatn is along the p 1 direction. The momentum transfer q has no time component, q 0 = 0, so that the particle is back-scattered. The light-cone components of a four-vector p are defined by p + ≡ n·p, p − ≡n·p. In our problem, p
A fermion moving in a direction close to n is described by the n-collinear SCET field ξ n,p (x), where p is a label momentum, and has componentsn· p and p ⊥ [17, 18] . It describes particles (on-or off-shell) with energy 2E =n · p, and
where λ ≪ 1 is the power counting parameter used for the EFT expansion. The total momentum of the field ξ n,p (x) is p + k, where k is the residual momentum of order Qλ 2 contained in the Fourier transform of x. Note that the label momentum p only contributes to the minus and ⊥ components of the total momentum.
The gauge field is represented by several distinct fields in the effective theory: n-collinear fields A n,p (x) andncollinear fields An ,p (x) with labels, and ultrasoft fields A(x) with no label, analogous to the soft and ultrasoft fields introduced in NRQCD [21] . The n-collinear field contains gluons with momentum near the n-direction, and momentum scalingn · p ∼ Q, n · p ∼ Qλ 2 , p ⊥ ∼ Qλ, and then-collinear fields contain gluons moving near then-direction, with momentum scaling n · p ∼ Q, n·p ∼ Qλ 2 , p ⊥ ∼ Qλ. The ultrasoft field contains gluons with all momentum components scaling as Qλ 2 . The EFT fermion field satisfies the constraint
where
are projection operators. The leading order fermion Lagrangian is [18] 
where iD = i∂ + gA is the ultrasoft covariant derivative, and . . . denotes terms involving the collinear gauge field. The fermion propagator is
The effective theory knows about the large momentum scale Q through the labelsn · p 2 and n · p 1 on the fields ξ n,p2 and ξn ,p1 for the outgoing and incoming particles. As a result, SCET anomalous dimensions can depend on Q. However, there are no modes in SCET which couplē n · p 2 to n · p 1 , so that SCET does not contain modes with off-shellness of order Q 2 , which are present in the full theory.
We will also need to introduce SCET fields to describe energetic scalar particles, such as the Higgs boson. We will use Φ n,p as the n-collinear field for a scalar particle moving in a direction close to n, analogous to ξ n,p for fermions. The field Φ n,p is normalized the same way as the full-theory field φ, and produces scalar particles with amplitude unity. The scalar kinetic energy term becomes
in the effective theory. It is also convenient to use a redefined scalar field,
in terms of which the kinetic term becomes
and has the same normalization as the fermion Lagrangian Eq. (5). The rescaled scalar propagator is now
φ n,p produces scalar particles moving in the n-direction with amplitude (n · p).
FIG. 1:
Graphs in the standard model involving both Yukawa and gauge couplings which have no analog in the toy example.
The theory we consider is a SU (2) spontaneously broken gauge theory, with a Higgs in the fundamental representation, where all gauge bosons have a common mass, M . This is the theory used in many previous computations [4, 5, 6, 7, 15] , and allows us to compare with previous results. It is convenient, as in Ref. [15] , to write the group theory factors using C F , C A , T F and n F , where 2n F is defined to be the number of weak doublets Weyl fermions. 1 We will consider this theory with fermionic and scalar matter fields in arbitrary gauge representations, with the fermions assumed to be vector-like. These fields are the external particles in the operators O. We will also need to consider graphs which are analogous to Higgs exchange graphs in the standard model. For this purpose, we will add a gauge singlet scalar field χ, which couples to the fermions and scalars via gauge-invariant interactions,
h ψ,i is dimensionless, and h φ,i has dimensions of mass. We will assume that h φ,i is independent of Q for power counting purposes. In our toy example, χ is a gauge singlet field, and does not break the gauge symmetry. The fermion masses are independent of the Yukawa couplings of χ. The toy example Higgs field is a doublet, and breaks the gauge symmetry, but does not couple to the matter fields. In the standard model, the Higgs field breaks the gauge symmetry, and also has Yukawa couplings which generate fermion masses. The computations are extended to the The gauge boson exchange graphs can be obtained from those of the toy model. In the standard model, the Higgs field breaks the gauge symmetry, and also has Yukawa couplings to the chiral fermions. At one-loop, we can obtain the Higgs exchange corrections from the χ-exchange graphs in our toy example. Graphs with Higgs bosons coupling to both the fermions and the gauge bosons start at two-loops (see Fig. 1 ).
IV. EXPONENTIATION
We start by summarizing some known properties of the Sudakov form-factor [22] for the vector current. We will see later how the same expressions can be rederived using renormalization group methods in SCET. The Euclidean form-factor F E (Q 2 ) has the expansion (L = log(Q 2 /M 2 ))
with the α n term having powers of L up to L 2n . In the literature, the highest power of L is called the LL F term, the next power is called the NLL F term, etc. We have included the subscript F (for the form-factor) to distinguish it from the renormalization group counting described below.
The series for log F E (Q 2 ) takes a simpler form
with the α n term having powers of L up to L n+1 , and the expansion begins at order α. Note that Eq. (13) implies non-trivial relations among the coefficients k nm in Eq. (12) . At order n, there are 2n + 1 coefficients k nm , 0 ≤ m ≤ 2n in Eq. (12), but only n + 2 coefficientsk nm , 0 ≤ m ≤ n + 1 in Eq. (13) .
The right-hand-side (rhs) of Eq. (13) can be written in terms of the LL series Lf 0 (αL) =k 12 
f 0 and f 1 begin at order α, and the remaining f n begin at order one. In this paper, LL, NLL, etc. (with no subscripts) will refer to the counting for log F E . This is also the counting appropriate for a renormalization group improved computation, and is different from the conventional counting discussed above. If one looks at the order α 2 terms, for example, the conventional counting is that the
, and the L 0 term is N 4 LL F . Using our counting, the terms are given by exponentiating log F E to LL, NLL, N 2 LL, N 2 LL, and N 3 LL, respectively. At higher orders, the mismatch in powers of N between the two counting methods increases. For precision electroweak studies, the first few orders are sufficient. Typical loop corrections are suppressed by α/(4π). There can be large coefficients in the perturbation expansion. For example, there are large coefficients in the cusp anomalous dimension (see Eqs. (50,54)). In this paper we have computed corrections to the Sudakov form factor; for dijet production and processes involving four-particle operators, the anomalous dimensions are at least twice as large as for the Sudakov problem. For these reasons, we use the estimate α instead of α/(4π) for the size of loop corrections. For QCD, α ∼ 0.1, and for electroweak corrections, α → α em / sin 2 θ W ∼ 0.03. log s/M 2 Z ∼ 8 for s ∼ 4 TeV, so αL ∼ 1 for QCD and ∼ 0.2 for electroweak corrections. The NLL series is of order ten percent for QCD corrections, and a few percent for electroweak corrections. The NNLL series is of order a percent for QCD, and sub-percent for electroweak corrections.
A. Infrared Evolution Equations
An expression for the Sudakov form-factor in the limit M/Q ≪ 1 with onshell massless fermions, p 2 2 = p 2 1 = 0, obtained using the evolution equations is [15, 22, 23, 24] log
in terms of functions F 0 , ζ, ξ and Γ of the coupling constant, which have the expansions
The superscript gives the loop-order of the Feynman graphs which contribute. Γ is known as the cusp anomalous dimension. The gauge coupling constant g satisfies the renormalization group evolution equation
or equivalently,
The one-loop coefficient is
where n s is the number of complex scalars, and 2n F is the number of fermion weak doublets, in the convention of Ref. [15] . After combining Eqs. (15) (16) (17) (18) and expanding to order a(M ) 3 , the form factor takes the following form:
A comparison of this expansion with Eq. (14) shows that f 0 is determined by Γ (1) and
In general f n is determined by ξ (n) and terms up to
can be used to show that Eq. (15) is invariant under the transformation
As a result, Γ, ζ and ξ are not uniquely determined from F E (Q 2 ) by Eq. (15).
B. Renormalization Group Evolution Equations
The corresponding expression for F E (Q 2 ) in the EFT formalism, as will be derived in Sec. V, is
where exp C(a(Q)) is the multiplicative matching coefficient at Q 2 , γ(µ) = A(a(µ)) log(µ 2 /Q 2 ) + B(a(µ)) is the SCET anomalous dimension between Q and M , and exp
2 is the multiplicative matching coefficient at M . The matching coefficient C and the SCET anomalous dimension γ are independent of physics at the low scale M , and so do not depend on the gauge boson and Higgs masses. The new feature of the massive gauge boson calculation is the existence of a single-log term, D 1 (a(M )) in the matching at M . That there are no higher powers of log Q 2 /M 2 in the matching is proved to hold to all orders in Sec. VI. A, B, C, D 0,1 have loop expansions analogous to Eq. (16) . The N n LL series for log
, and
contributes only to the α n L term in f n . The identity Eq. (21) and
can be used to show that Eq. (23) is unchanged by the redefinitions
Transformations such as these can arise from a change of scheme in the computation of the SCET matching coefficients and anomalous dimensions. We can now demonstrate the equivalence of the Sudakov form-factor in Eq. (23) and the form-factor given in Eq. (15) . By taking G(a) = −ξ(a)/2 in Eq. (22), (25), brings Eq. (15) with Eq. (23) to a common form, and gives the identifications:
The lhs of Eq. (26) is invariant under Eq. (25) , and the rhs under Eq. (22) . The computations of the SCET anomalous dimension and the cusp anomalous dimension in the literature use the same scheme, so that Γ = A/2, and
The expansion of log F E (Q 2 ) to order a(M ) 3 using the SCET form is:
V. MASSLESS EXTERNAL PARTICLES
In this section we calculate the form-factor log
At scales µ > Q we use the full theory, and the renormalization group evolution of c(µ) is given by
where γ F (a) = γ
F a 2 + . . . is the full theory anomalous dimension for O. The one-loop values γ
(1) F are given in Table I . The general form for F E given in Sec. IV is for the vector current, where γ F = 0, and c(µ > Q) is chosen to be unity. It also holds for the other operators with c(µ = Q) = 1 in the full theory. The full theory is matched onto SCET at a scale µ of order Q. The effective theory has modes with offshellness of order Q integrated out, so the matching coefficient depends on log Q 2 /µ 2 , and these logarithms are not large if µ ∼ Q.
TABLE I: One-loop corrections to the Sudakov form-factor. γF is the full theory anomalous dimension, C is the matching coefficient at µ ∼ Q, γ1 is the SCET anomalous dimension, and D is the matching coefficient at µ ∼ M . γ
and D (1) are the coefficients of a ≡ α/(4π) in the one-loop corrections, and
The operator O in the full theory matches to the operator O in SCET:
and P are the SCET label operators introduced in Bauer et al. [18] . Collinear gauge invariance requires that, in the matching of gauge invariant operators at leading order in the power counting, the fields occur in the combination W † n ξ n,p , W † n Φ n,p , where W n is a Wilson line containing n-collinear gauge fields obtained by integrating over a path in then-direction [18] .
C(µ) depends on the operator being matched (i.e. the C's in Eq. (30) have different values, and C can depend on Γ) and, for convenience, we have written the multiplicative matching coefficient as exp C(µ) rather than C(µ). As is well-known, the matching coefficient can be computed as the finite part of the full theory matrix element, evaluated on-shell, with all infrared scales such as the gauge boson mass set to zero (see e.g. [25, 26, 27] ). The full theory graphs to be evaluated at one-loop are those in Fig. 2 , and when combined with the wavefunction and tree-level graphs, give the value of the full theory matrix element p 2 |O|p 1 . The graphs for the EFT vertex correction are shown in Fig. 3 , and when combined with the tree-level and wavefunction graphs, give the EFT matrix element p 2 | O|p 1 . The gauge boson and fermion masses are infrared scales and can be set to zero in the matching computation thus leading to scaleless integrals for the one-loop EFT and wavefunction graphs. Since these scaleless integrals are set to zero in dimensional regularization, the EFT matrix element is equal to its tree-level value. The full theory and EFT operators O and O are normalized to have the same tree-level value, so exp[C(µ)] = p 2 |O|p 1 / p 2 |O|p 1 tree , i.e. the 
matching condition exp C is given by the on-shell full theory matrix element normalized to its tree-level value (see e.g. Ref. [26] for more details). The computation of the SCET one loop graphs for O = ψγ µ ψ is identical to that for DIS [25] . Particle masses, such as the gauge boson mass, are all much smaller than Q, and only contribute M 2 /Q 2 power corrections at the scale Q, which are being neglected. The one-loop values of C(µ) for the other cases are computed similarly, and are given in Table I , where C(µ) = C (1) α(µ)/(4π) defines the one-loop correction C (1) . There are no large logarithms in this matching correction if the matching scale µ is chosen to be of order Q. We will choose the matching at the high scale to be at µ = Q, and C(µ = Q) is given by the third column in Table I with L Q → 0.
The renormalization group evolution of c(µ) in the effective theory is given by the anomalous dimension of O in SCET. The anomalous dimension γ 1 is used to evolve c(µ) from µ = Q down to the low scale µ = M . The one-loop anomalous dimension is given by the ultraviolet counterterms for the SCET graphs in Fig. 3 (after zerobin subtraction, see Ref [28] ). As noted earlier, anomalous dimensions in SCET can depend on Q. Ultraviolet divergences do not depend on the infrared properties of the theory, such as a gauge boson mass, so the anomalous dimension for O =ψγ µ ψ is identical to the DIS result [25] . The same argument as that given in Ref. [25] for deep inelastic scattering shows that γ 1 (µ) is linear in log µ 2 /Q 2 to all orders [25, 29] , so γ is written as
which defines A and B. The anomalous dimension has the expansion γ 1 = γ
. . The computations for the other cases are similar, and the results are given in Table I . Note that the anomalous dimension depends only on the external fields for the operators, and is equal for the three fermion operators, and for the two scalar operators. The reason is that the EFT anomalous dimension depends on the IR divergence of the full theory graph, and the IR divergence is independent of the vertex factors. The anomalous dimension forψφ is the average of the anomalous dimensions for the fermionic and scalar operators.
The next step in the EFT computation is the matching condition at the low scale µ ∼ M . At this scale, the massive gauge boson is integrated out, and one matches to an effective theory which is SCET without the massive gauge boson. In our toy example, this effective theory contains no gauge particles, and is a free theory. There is no need to introduce any propagating gauge modes below M [30] . The matching at µ ∼ M is given by evaluating the graphs in Fig. 3 , and the wavefunction graphs. The gauge boson mass can no longer be set to zero, since it is of the same order as the matching scale, and the one loop SCET graphs are non-zero. The matching computation is discussed in detail here for the fermion vector current. The other cases are treated similarly.
One matches the operator c(µ
] in SCET with gauge particles (the theory above M ) onto the operator [exp D(µ)] c(µ)ξ n,p2 γ µ ξn ,p1 in SCET without gauge particles (the theory below M ). The ncollinear graph in Fig. 3 gives
This integral is divergent, even in 4 − 2ǫ dimensions with an off-shellness, unlike the previously studied examples where the gauge boson was massless. A related divergence was encountered by Beneke and Feldman in their study of the B → πℓν form-factor. Beneke and Feldman used an analytic regulator [31, 32] to evaluate their integrals, and we use an extension of their method. A similar procedure was used by Jantzen et al. [7] in their study of two-loop electroweak Sudakov corrections. The p i propagator denominator (p i − k) 2 in the full theory is analytically continued to
where ν i and δ i are new parameters. The (p 2 −k) 2 denominator in Eq. (32) arises from the collinear p 2 propagator, and so gets modified as in Eq. (33) . The −n · k propagator in Eq. (32) arises from the (p 1 − k) 2 propagator when k becomes n-collinear. In this limit
We will therefore analytically continue the −n · k propagator in Eq. (32), which arises from the W n Wilson line in O using
where ν
We will see below that it is important that ν 
The regulated value of I n is given by setting δ i = r i δ and taking the limit δ → 0 first, followed by ǫ → 0 [31, 32] ,
which is a boost invariant expression, since ν (37) is valid away from the symmetric point r 1 = r 2 .
Then-collinear graph is given by Eq. (37) with the replacements
The parameters ν + 2 and ν − 1 play the same role as µ ± in the rapidity regularization method of Ref. [28] .
The ultrasoft graph in Fig. 3 is regulated by the same method. The p 2 propagator (p 2 − k) 2 is multipole expanded in the effective theory, and becomes −p 
and vanishes on-shell, since p
The total SCET contribution is given by the sum of the n-collinear,n-collinear and ultrasoft graphs, as well as the wavefunction renormalization correction. The collinear correction to the particle propagator is the same as in the full theory [18] , and the ultrasoft correction vanishes, so the wavefunction corrections are the same as in the full theory. The fermion graph, 
TABLE II: One-loop gauge boson contribution to on-shell wavefunction renormalization. The gauge boson mass is M and the particle (fermion or scalar) mass is m. hF,S are given in Appendix B.
and so contributes a wavefunction correction
Our normalization convention is such that the on-shell matrix element gets a contribution −δz/2 for each external particle. The wavefunction corrections for the various cases we need are tabulated in Table II. In the table, we have distinguished between UV and IR divergences by the subscript on the 1/ǫ terms. The scalar operators requires the scalar propagator correction, Fig. 5 , which gives The first term gives the wavefunction correction, and the second is the mass-shift of the scalar proportional to the gauge boson mass. The scalar mass-shift is canceled by the bare mass term in the scalar Lagrangian, which is adjusted to keep the physical scalar massless. This cancellation is an example of fine-tuning required to have light scalars.
The total on-shell amplitude I n + In
The total amplitude Eq. (43) is independent of δ, r 1 and r 2 introduced by the analytic regulator, and depends only on ǫ of dimensional regularization. The cancellation of the ν and δ dependence is discussed in more detail in Appendix A. In evaluating Eq. (43), we have used ν Table I , and is a non-trivial check on the analytic regulator computation. The SCET anomalous dimension was computed in Ref. [25] using an off-shell regulator, and the analytic regulator gives the same result. While the total anomalous dimension is the same, the contribution of individual diagrams to the anomalous dimension depends on the regulator. For example, in Ref. [25] , the ultrasoft graph had a 1/ǫ divergence which contributed to the anomalous dimension, whereas the ultrasoft graph vanishes on-shell when evaluated using the analytic regulator method. Contributions can be moved between the collinear and ultrasoft diagrams, depending on the choice of regulator.
The EFT below the matching scale µ ∼ M is SCET without gauge particles; thus there are no one loop diagrams to consider in the theory below M . The finite part of Eq. (43) gives the multiplicative matching coefficient exp D(µ) at the low scale µ of order M . The coefficient of O in the effective theory after integrating out the gauge bosons is given by c(µ − 0
. ., and at one-loop order is
for the fermion vector current. The other cases are computed similarly, and are given in Table I . The matching at M is independent of the vertex structure, and depends only on whether the particles are fermions or scalars. Thē ψφ matching is the average of the results for two fermions and two scalars. This is a new feature of the effective theory, which follows because the graphs factorize into contributions from the individual particles. The matching at Q from the full theory does not have this property. Note that D(µ) is a function of both L M and L Q , and is linear in L Q . The matching condition depends on both scales Q and M . The dependence of the matching on the high scale Q is a new feature of SCET with massive gauge bosons, and has not occurred in previous computations in SCET, or other EFTs. We noted earlier that SCET graphs know about the scale Q through the labelsn · p 2 and n·p 1 since Q 2 =n·p 2 n·p 1 . Nevertheless, in previous computations such as DIS, the matching condition at the jet scale M 2 J ≪ Q 2 depended on log M 2 J /µ 2 , and there was no log Q 2 /µ 2 dependence. It is easy to see why there must in general be L Q terms in the matching condition in our case. If D is the matching condition at µ, and γ h,l are the anomalous dimension in the theories above and below µ,
In our example, γ l = 0 since the theory below M is a free theory. Since γ h has the form Eq. (31) with a L Q term, such terms must also be present in D. Let us contrast this with DIS. For moments M N of the deep inelastic scattering structure function with N ≫ 1, the jet scale is M 2 J = Q 2 /N . The theory above the jet scale has an anomalous dimension γ h which depends on L Q , and the theory below the jet scale has Altarelli-Parisi evolution with anomalous dimension γ l which depends on log N . The two anomalous dimension are related in such a way that γ l − γ h ∝ log Q 2 /N , the logarithm of the jet scale. The matching D also depends only on the jet scale Q 2 /N , and there are no large logarithms in D if µ is chosen to be of order the jet scale [25] .
The L Q term in Eq. (44) is multiplied by L M , and so there is no L Q term in D if the matching scale is chosen to be exactly equal to M . This is accidental, and does not happen at higher orders. One can show explicitly that at two-loops, there is a non-zero L Q contribution to D even if µ = M . In the standard model, it is convenient to integrate the weak gauge bosons out at a single scale µ = M Z , and one has one-loop terms in the matching condition of the form (log
Renormalization group improved perturbation theory is used to sum logarithms in an EFT. This would not be possible if there were arbitrary powers of L Q in the matching condition. We will prove in Sec. VI that to all orders in perturbation theory, the matching condition D is linear in L Q . Thus renormalization group summation can be used to obtain all logarithms except the first, so that in the Sudakov problem at order α n , the 2n − 1 terms α n L 2n , . . . , α n L 2 can be obtained by renormalization group evolution, but not the single log term α n L, which gets a matching contribution from D. The general form for D(µ) is
which defines D 0,1 . At one-loop, Eq. (44) gives
Choosing µ = M gives the matching coefficient
In our example, D 1 (a(M ), 0) = 0, so there is no log Q 2 /M 2 term in the one-loop matching coefficient. One expects that D 1 (a(M ), 0) = 0 at higher orders, so there can be a single large logarithm in the matching coefficient.
The final step in the computation is to compute the onshell matrix element of O in the theory below M . Since the gauge bosons have been integrated out, this theory is a free theory, and the matrix element is trivial, being given by its free field value. The Sudakov form-factor is defined as the ratio of the scattering amplitude to its value in the free theory, so the low-energy matrix element contribution to the Sudakov form-factor is unity.
The contributions to the Sudkakov form-factor are:
1. The coefficient c(µ) in the full theory just above the matching scale µ = Q, which is chosen to be unity.
The multiplicative matching coefficient exp C(µ)
for the matching between the full theory and SCET at the scale µ = Q.
3. The integral of the SCET anomalous dimension between µ = Q and µ = M .
The multiplicative matching coefficient exp D(µ)
for the matching at the scale µ = Q between SCET, and SCET with the gauge bosons integrated out.
5. The low-energy matrix element, which gives unity, using the conventional normalization for the formfactor.
Combining these contributions gives Eq. (23) for the Sudakov form-factor given earlier. The terms are represented schematically as:
The expression Eq. (23) for the Sudakov form-factor, with the one-loop coefficients given in Table I , can be compared with known fixed order results in the case of the fermion vector current by expanding this in a power series expansion in α(M ) as shown in Eq. (28) . The result correctly reproduces the known αL, α 2 L 4 and α 2 L 3 terms (L = log Q 2 /M 2 ). Comparison with the two-loop results of Ref. [7, 15] allows us to extract values for the two-loop cusp anomalous dimension,
The non-log part of the anomalous dimension is
The log part of the matching at M for equal Higgs and gauge boson masses is
where the Clausen function is
The anomalous dimension for Q > µ > M is independent of infrared physics, such as spontaneous symmetry breaking and the gauge boson mass, and so can be written in terms of group invariants such as C F and C A . The expressions for A (2) and B (2) hold in a gauge theory with fermion and scalar fields in arbitrary representations.
The matching D
1 depends on the gauge boson masses, and is only valid in a SU (2) gauge theory with scalars in the fundamental representation. The expression Eq. (52) has a C F T F n F term from fermion loop corrections to the gauge boson propagator, and a C F term.
FIG. 6:
A graph whose group-theoretic factor cannot be written in terms of invariants such as CF and CA.
The C F term arises from scalar loop corrections to the gauge boson propagator, as well as graphs such as Fig. 6 which arise due to spontaneous symmetry breaking. The group theory invariant for Fig. 6 depends on the pattern of symmetry breaking, and cannot be written in terms of SU (2) × U (1) invariants. Jantzen and Smirnov [15] have therefore explicitly used the group theory factors for a broken SU (2) theory in evaluating these contributions, and we follow their convention here. Furthermore, Ref. [15] computed the two-loop graphs only for M H = M W , and so Eq. (52) is only valid for equal Higgs and gauge boson masses.
The three-loop cusp anomalous dimension is known in a theory without scalar fields [33] 
(54) so A (3) = 2Γ (3) is known, neglecting scalar contributions. These missing scalar contributions are expected to make small corrections to Γ (3) . The scalar term contributes 7% to the two-loop cusp anomalous dimension A (2) . Our one-loop computation combined with the known two-loop cusp anomalous dimension sums the LL and NLL series for the Sudakov form factor. The NNLL series requires A (3) which is known excluding Higgs contributions, B (2) which is known (Eq. (51)), D 
0 which are known (Table I) . For electroweak applications, the LL and NLL are more than adequate for precision studies.
VI. PROOF THAT D IS LINEAR IN LQ
The general functional form of the n-collinear graphs is exp
The sum of all the collinear graphs is the product exp(F + G), because the n andncollinear graphs factor. These graphs give the matching coefficient exp D, since the ultrasoft graphs vanish onshell, so that D has the additive form
The L 1 , L 2 dependence cancels, since D is independent of ν 1,2 .
The proof is as follows: Differentiating Eq. (55) with respect to L 1 and L Q , with respect to L 2 and L Q , and with respect to L 1 and L 2 give
where ∂ 1,2 is the derivative with respect to L 1,2 . The second derivative of D with respect to L Q is
using Eq. (56) and the commutation of partial derivatives, ∂ 3 ∂ 2 = ∂ 2 ∂ 3 . Thus D can be at most linear in L Q . Equation (55) is D before the addition of renormalization counterterms. The finite part shows that the matching correction is linear in L Q , justifying the form Eq. (46) used earlier. The infinite part shows that the SCET anomalous dimension is linear in L Q , and so gives another proof of this known result [25, 29] .
VII. CONSISTENCY CONDITIONS
There are consistency conditions on matching coefficients and anomalous dimensions which follow from the structure of the effective theory. Consider the matching of an operator between a high energy theory and a low energy theory at some scale µ. The operator coefficients are c h,l (µ), with anomalous dimensions γ h,l (µ) in the two theories, µdc h,l /dµ = γ h,l c h,l . Assume that there is a multiplicative matching coefficient X(µ) between the two theories, so that c l (µ) = X(µ)c h (µ). The matching scale µ is arbitrary, so one gets the constraint
which gives the relation
between the matching coefficient and the anomalous dimensions in the two theories. In the Sudakov problem, applying Eq. (59) to the matching between the full theory and SCET gives
and applying it to the matching when the gauge boson is integrated out gives
since the theory below M is a free theory, and so has zero anomalous dimension. The anomalous dimension in the full theory and SCET have the form γ F (a(µ)) and γ = −A(a(µ))L Q + B(a(µ)), respectively, where we have used the result that γ is linear in L Q to all orders [25] . The matching coefficient C at the high scale Q is independent of the low-energy scales such as M , and has the form C(a(µ), L Q ). The matching coefficient D at µ ∼ M can depend on both Q and M , since the SCET field labels depend on Q. As a result,
(62)
gives the consistency conditions
which determine C n , n > 0 in terms of C 0 , A, B and γ F , and are satisfied by the one-loop values in Table I . The matching coefficient at µ = Q is C 0 (a(Q)). Equation (61) applied to the matching at M , gives
Using Eq. (46), and equating powers of L Q gives
which determine D i,n , n > 0 in terms of D i,0 , A and B, and are satisfied by the one-loop values in Table I .
VIII. MASSIVE PARTICLES
The calculations so far have been performed for external particles with masses m 1,2 much smaller than the gauge boson mass. In this section, we extend the results to massive external particles. For fermions, we will assume that the theory is vectorlike, so that the fermion mass arises from a gauge invariant mass term −mψψ. The standard model, a chiral gauge theory, where masses arise from Higgs couplings due to spontaneous symmetry breaking, is discussed in Sec. X.
Consider first the case where one particle has mass m 2 , with Q ≫ m 2 ≫ M , and the other particle has mass m 1 much smaller than M . For definiteness, the outgoing particle is taken to be heavier than M , and the incoming one lighter than M , but the results are symmetric under 1 ↔ 2. The Sudakov form-factor can be computed using a sequence of effective field theories.
One first matches from the full theory to SCET with a massive particle at µ ∼ Q and uses the same set of operators listed in Eq. (30) except ξ n,p2 is now a n-collinear SCET field with mass m 2 as in Ref. [34] . This matching is independent of scales much smaller than Q, such as m 1 , m 2 and M , and thus remains the same as in Table I. The second step is to run the operator in the effective theory from Q to m 2 . The anomalous dimension γ is also independent of low mass scales and again gives the same result as the massless case. At the scale m 2 , one switches from SCET to a new effective theory in which the massive particle is described by a heavy quark effective theory (HQET) field h v2 , with a velocity v 2 , with v 2 2 = 1 [35] . The other (massless) particle is still described by a SCET field. The fermion vector current, for example, is now given byh v2 γ µ W † n ξn ,p1 , instead of Eq. (30), and similarly for the other operators. The HQET field, h v2 , does not transform under collinear gauge transformations; therefore, there is no factor analogous to the W † n Wilson line that goes along with the ξn field. h v still couples to ultrasoft gluons. One can make an additional field redefinition which eliminates the ultrasoft gluon coupling to h v and introduces a Wilson line in the v 2 direction [36] . Both methods give the same on-shell matrix elements.
The matching condition at m 2 is given by the difference between the vertex graphs in Fig. 3 and Fig. 7 , and the wavefunction graphs, evaluated at µ = m 2 , i.e. between graphs where ξ n,p2 and h v2 are used for particle 2. Note that there are three vertex graphs in the theory above m 2 , and only two graphs in the theory below m 2 , because there is no collinear Wilson line associated with h v2 . The graphs in the theory above m 2 are evaluated with the gauge boson mass set to zero (since m 2 ≫ M ) at the on-shell point p . The graphs in the effective theory are evaluated with M → 0 at the onshell point k 2 · v 2 = 0, where k 2 is the residual momentum of particle 2. Graphs Fig. 3b and Fig. 7a are equal, since then collinear interactions do not depend on whether the other field at the vertex ish v orξ n,p2 . They cancel in the matching computation. The ultrasoft graphs Fig. 3c and Fig. 7b , the ξn ,p1 wavefunction graph, and the HQET wavefunction graph all vanish on-shell, so the matching computation is given by Fig. 3a and the on-shell wavefunction graph for ξ n,p2 . The vertex graph Fig. 3a does not need an analytic regulator, and gives (for O =ψγ µ ψ)
The wavefunction correction for a massive fermion is
Combining Eq. (69) and Eq. (70) gives the multiplicative matching condition exp R, R = R (1) a + . . ., at µ of order m 2 ,
where L m2 ≡ log m 2 2 /µ 2 . The other cases are evaluated in a similar manner, and the results are summarized in Table III. The wavefunction correction for a massive scalar, which is needed for the last three rows, is
The remaining steps are the evaluation of the anomalous dimension in the region M < µ < m 2 , and the matching condition exp S at the scale M . These can be computed by evaluating the graphs in Fig. 7 and the wavefunction corrections, at the on-shell point k 2 = 0, p 2 1 = 0, and keeping the gauge boson mass non-zero. The graphs need to be regulated using an analytic regulator. The ξn ,p1 is regulated as in Eq. (33) for the collinear propagator. The Wilson line in Fig. 7a is regulated using Eq. (34), as is the massless particle propagator in Fig. 7b . The new feature is the HQET propagator for particle 2, which is regulated using
Taking the HQET limit of the particle 2 propagator,
. (74) and comparing Eq. (73) with Eq. (33), we see that Figure 7a is given by then-collinear graph evaluated earlier, Eq. (38) . Figure 7b is
Then-collinear wavefunction graph is Eq. (40), and the HQET propagator correction, Fig. 8 is
TABLE III: One-loop results for Q > m2 > M > m1. R is the matching coefficient at µ ∼ m2, γ2 is the anomalous dimension between m2 and M , and S is the matching coefficient at µ ∼ M . The results only depend on whether the light particle is a fermion or scalar. Eq. (76) gives a contribution to the heavy quark residual mass term, δm = −2aC F M π, and a wavefunction contribution listed in Table II . The shift in the heavy quark mass is non-analytic in the gauge boson mass-squared. Such non-analytic contributions occur in mass corrections to particles with k · v propagators [37, 38] . They arise from loop integrals which diverge as an odd power of k. Such integrals are finite, but non-analytic, in dimensional regularization.
Adding Eqs. (38) and Eq. (75), expanding in δ i , and subtracting the wavefunction corrections due to the heavy fermion, Eq. (76), and the collinear fermion, Eq. (40), gives
To obtain Eq. (77) we have used 
and the finite part gives the matching correction 
The other cases are computed similarly, and are given in Table III . The terms which contribute to the final result are summarized schematically as:
The second case we consider is where both particles have mass between Q and M . For definiteness, we choose m 2 > m 1 . The Sudakov form-factor can be computed using a sequence of matching and running steps. The matching exp C at Q, the anomalous dimension γ 1 between Q and m 2 , the matching exp R at m 2 , and the anomalous dimension γ 2 between m 2 and m 1 are all independent of the lower scales m 1 and M , and have the same values as in Tables I, III. The new feature is the matching condition exp T at the lower particle mass m 1 . The graphs in the theory above m 1 are shown in Fig. 7 . In the theory below m 1 , the SCET field ξn ,p1 for particle 1 is replaced by the HQET field h v1 . The fermion vector current, for example, is now given byh v2 γ µ h v1 instead ofh v2 γ µ W † n ξn ,p1 . The vertex correction in the theory below m 1 is shown in Fig. 9 . There is only one vertex graph instead of two, because there is no collinear Wilson line W associated with the HQET field h v1 . The matching condition is given by One-loop results for Q > m2 > m1 > M . T is the matching at m1, γ3 is the anomalous dimension between m1 and M , and U is the matching at M . T only depends on whether the light particle is a scalar or a fermion computing the difference of graphs Fig. 7 and Fig. 9 onshell, and setting all scales less than m 1 to zero. The only non-zero contribution is from Fig. 7a and then-collinear wavefunction renormalization graph. These are the same graphs that contribute to the matching condition at m 2 , so T is given by R with m 2 → m 1 , 3 and is tabulated in Table IV .
The remaining quantities needed are the anomalous dimension γ 3 between m 1 and M , and the matching condition exp U at M . These can be computed from the graph in Fig. 9 evaluated on-shell, but now with the gauge boson mass M included. The graph gives
where w = v 2 · v 1 and
is the factor which occurs in the velocity-dependent anomalous dimension in HQET [35] . Including the heavy quark wavefunction correction, Eq. (76), gives the anomalous dimensions and matching coefficient listed in Table IV. In the high energy limit
The terms which contribute to the final result are:
The third case we consider is where the two particles are degenerate, with m 2 = m 1 = m, and Q ≫ m ≫ M . This can be computed using the results already derived. The matching exp C at Q and the running γ 1 between Q and m is the same as in Table I . The matching at m is given by switching both particles from SCET to HQET simultaneously. This is just the sum of the matching coefficients at m 2 and m 1 computed previously, so the matching condition is exp [R + T ], with m 1 = m 2 = m, where R and T are given in Tables III and IV , respectively. The anomalous dimension between m and M , and the matching at M are given by γ 3 and U in Table IV .
It is also useful to derive results where the particle masses and gauge boson masses are not widely separated from each other. In this case, it is more important to include the full m/M dependence, rather than sum high order α log m/M terms, which are no longer very large. In the standard model, this situation arises for the W , Z and t, which have masses which are not sufficiently widely separated that electroweak logarithms need to be summed. If two (or more) particle masses are not widely separated, one can make a transition to a new EFT by integrating out both particles at a common scale µ, rather than integrating them out sequentially. The results for the various cases are summarized in this and the following subsections. The difference from previous results is that one has to include all the relevant masses in the particle propagators. For example, for the case studied in this subsection, m 2 ∼ M , one also includes m 2 in the denominator of Eq. (32) . The integrals now depend on a dimensionless parameter, the ratio of particle masses m If Q ≫ m 2 ∼ M ≫ m 1 , then the matching at Q and the running between Q and m 2 ∼ M , remain unchanged, and are given by C and γ 1 in Table I . At the scale µ of order m 2 ∼ M , one integrates out the gauge boson, and switches to a theory in which particle 2 is described by a HQET field. In this matching, the n-collinear graph Eq. (32) with the analytic regulator is now
and is evaluated at the on-shell point p 2 2 = m 2 2 . Thencollinear and ultrasoft integrals remain unchanged. We saw in Sec. VIII A that the δ and ν dependence canceled between all the diagrams for the massless case. The cancellation must still hold when I n is evaluated with
2 has a finite limit independent of the analytic regulator, as can be verified by explicit computation. The result for f F (z) is given in Eq. (B1). The wavefunction renormalization is also modified, and the shift h F (z) is given in Eq. (B2). The matching condition D is given by
if the particle integrated out is a heavy fermion, where the massless value D(m 2 = 0) is given in Table I . Similarly, if the particle integrated out is a heavy scalar, the matching
where the scalar functions are given in Eqs. (B4,B5) .
The theory below m 2 ∼ M is a theory in which particle 2 is described using a HQET field, and particle 1 by an SCET, with the massive gauge boson integrated out. In our toy example, this is a free theory.
Schematically, the terms are (z = m 2 2 /M 2 ):
If Q ≫ m 2 ≫ M ∼ m 1 , the matching and running down to M ∼ m 1 remains the same as in Sec. VIII A. In the theory at M ∼ m 1 , particle 2 is described by an HQET field, and particle 1 by an collinear field. The matching condition at M ∼ m 1 would be given by S if m 1 → 0. By the same arguments as above, the effect of m 1 is to modify then-collinear integral by a finite amount, so the matching is now S + aC F (f (z) − h(z)/2), with z = m 
The situation is similar to Q ≫ m 1 = m 2 ≫ M considered in Sec. VIII C. The evolution down to m 1 ∼ m 2 is the same as for m i = 0. The n andn collinear graphs at the scale m 1 ∼ m 2 are independent of each other, so the matching is given by R(m 2 ) + T (m 1 ) given in Tables III,  IV . Below m 1 ∼ m 2 , the computation reduces to that in Sec. VIII C.
Schematically, the terms are:
The evolution to µ ∼ m 1 ∼ m 2 ∼ M is the same as for the massless case. The matching at µ involves massive collinear propagators, each of which modifies the massless matching condition, so the matching is given by
where z i = m 2 i /M 2 , and f 1,2 , h 1,2 are chosen to be f F,S and h F,S depending on whether the corresponding particle is a fermion or scalar. The massless value D(m 1 = m 2 = 0) is given in Table I .
Schematically, the terms are
IX. SCALAR CORRECTIONS
In this section, we compute the scalar exchange corrections to the Sudakov form-factor. The graphs are the same as those for gauge exchange, with the gauge boson replaced by the scalar χ, with mass M χ . As for gauge bosons, one needs to include both collinear and ultrasoft fields for χ to represent collinear and ultrasoft χ particles. In the gauge boson results we removed an overall factor of a = g 2 /(16π 2 ). In the χ-exchange graphs, we remove a factor of h 1 h 2 /(16π 2 ), where h 1,2 are the Yukawa couplings at the two vertices. Note that the coupling of χ to scalars h φ,i has dimensions of mass, so the factor removed for operators such as φ † φ is dimensionful. Unlike for gauge interactions, the wavefunction and vertex corrections can have different coupling constants.
Collinear gauge bosons and matter fields in the operator O occur in the combination W † n ξ n,p or W † n Φ n,p . They arise from full theory graphs in which the gauge fields couple to the other particle, which moves in thē n-direction. The intermediate propagators are off-shell by order Q 2 , and can be shrunk to a point, as shown in Fig. 10 . Single gauge boson emission gives the vertex gn µ /(−n · k). At higher orders, multiple gauge boson emission from then particle line combined with the non-Abelian multi-gluon interaction give the Wilson line operator W n . Multi-gluon emission is related to single gluon emission by gauge invariance, and this relation holds even in the presence of loop-corrections. The Wilson line structure of the vertex W n is required by collinear gauge invariance [18] .
One has a similar construction for multiple n-collinear χ fields emitted from then particle. At the level of single χ emission, the χ vertex is h ψ,φ /(−n · k) instead of the gauge vertex gn µ /(−n · k). This is all we require for our computation. It would be interesting to work out the structure of the scalar vertex at higher orders, including radiative corrections. Multi-scalar emission is not related to the single scalar vertex by gauge invariance.
Most of the scalar corrections vanish. In SCET, the fermion Yukawa vertex vanishes, because Eq. (3) implies thatξ
using / n/ n = n 2 = 0. The tri-scalar couplings χφ † φ have dimensions of mass, and χ exchange corrections to the scalar operators are suppressed by powers of h φ /Q, which is subleading in the EFT power counting given our assumption that h φ does not grow with Q. The easiest way to see this is to use the rescaled fields φ n,p , which have a propagator of the same form as that for fermions. The Yukawa coupling becomes
which is order 1/Q sincen · p is order Q, and gives an explicit 1/Q suppression to the graph at each tri-scalar vertex. One interesting point is the decoupling of scalars below m 1 and m 2 , so that particles 1 and 2 can be treated as HQET fields. If one directly matches from the full theory onto HQET, then h ψ χψψ → h ψ χh v h v , which is non-zero. If instead, one first goes through SCET, then h ψ χψψ → h ψ χξ n,p ξ n,p = 0, so we have an apparent contradiction. However, the two results are not in disagreement. The scalar HQET vertex graph (Fig. 9 with the gauge boson replaced by a scalar) is equal to −1/w times the corresponding gauge graphs, rescaled by the ratio of the Yukawa couplings to the gauge couplings. In the Sudakov limit, w ∼ Q 2 /(m 1 m 2 ), and 1/w is a power suppression which can be neglected, so both ways of matching agree, since power corrections are neglected. The only scalar graphs which remain are the matching at Q, which are full theory graphs, and scalar contributions to wavefunction renormalization in the effective theories. The wavefunction contributions are summarized in Table V , where L χ = log M 2 χ /µ 2 . The full theory wavefunction renormalization vanishes for both fermions and scalars, so the entire matching correction at Q given in Eq. (94) arises from the vertex correction. The EFT matching and running can be computed from the scalar wavefunction graphs in Table V . The EFT matrix elements are given by taking −1/2 times the entries in the table for each particle, multiplying by h 2 /(16π 2 ), and then adding the contributions from the two particles. The finite part gives the matching correction, and (−2) times the coefficient of the 1/ǫ UV term gives the anomalous dimension. Since only wavefunction graphs contribute, there are no L Q terms which can only arise from vertex graphs.
The computation of scalar contributions to the anomalous dimension and matching for the various cases considered in Sec. VIII parallels the gauge boson discussion. The matching coefficients for m 1,2 = 0 are given by a formula analogous to Eq. (90), with the gauge boson functions f F,S and h F,S replaced by the corresponding χ-exchange functions f F,S → 0, since there are no vertex corrections in the effective theory, and h F,S →h F,S .
We have divided the scalar exchange contributions into vertex and wavefunction pieces, rather than giving the total contribution as in the gauge case. The reason is that the standard model is a chiral gauge theory, and the Yukawa couplings connect one matter representation to another. Thus, vertex corrections can mix left-handed currents with right-handed currents, whereas wavefunction corrections do not mix different SU (2) × U (1) representations. Keeping the two contributions separate allows us to compute Higgs radiative corrections in the standard model using the the results given in this section.
The matching corrections C at Q can be computed as for the gauge boson case. The matching corrections for external scalar particles due to scalar χ exchange are power suppressed, and vanish to leading order. For fermions, the χ exchange corrections givē
which have to be combined with the gauge boson matching conditions in Table I . The vertex graph contributes 2a Y , −a Y and 0, respectively, to the anomalous dimensions of the three operators in the full theory. The wavefunction graphs contribute an additional a Y to all three operators.
X. APPLICATION TO THE STANDARD MODEL
The results we have obtained for the toy theory can now be used to compute results for the standard model. One has to be careful in using the correct coupling constants, since the standard model is a chiral gauge theory, and the toy model is vector-like.
For the LHC, one is interested in processes such as dijet production. The SCET operators at the high scale Q involve more than two SCET fields. E.g. in→ qq, the EFT operator has four fields, two for the incoming particle and two for the outgoing ones. One can obtain results for more than two external particles by combining the two-particle results computed in this paper with the appropriate gauge theory factors such as C A and C F . There are several interesting features of the analysis which are independent of the calculations presented in this paper, so we defer the discussion of experimentally relevant examples to a subsequent publication [20] . Here we show how our results can be used to compute the radiative corrections to quark production by a gauge invariant current Q i γ µ P L Q i , where Q i is the quark doublet 4 for generation 4 Not to be confused with Q, the momentum transfer. i = u, c, t, and to charged lepton production byLγ µ P L L. We will do the computations for light quarks in Sec. X A, for leptons in Sec. X B, and for top quarks in Sec. X C. All fermion masses other than the top quark mass are neglected.
A. Light Quarks
The first generation quark doublet is
using the mass eigenstate basis. At the scale Q ≫ m q the coefficient of the operator in the full electroweak theory is assumed to be unity. For the first generation, all quark masses and Yukawa couplings can be neglected, and so the answer is given by combining the gauge boson contributions computed earlier.
The operator in SCET at the scale Q is
where ξ (Qu) represents the left-handed electroweak uquark doublet Eq. (95) in SCET, and we have suppressed gauge indices. The matching condition is log c(Q) = α s (Q) 4π
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using the third column of Table I 
and their values at Q are obtained by the usual β-functions of the standard model. The theory below Q is SCET with an SU (3)×SU (2)× U (1) gauge symmetry. In this regime, the SCET current in Eq. (96) is multiplicatively renormalized with anomalous dimension (from the fourth column in Table I )
The anomalous dimension γ is used to run c down to a scale of order the gauge boson mass. One can integrate out the weak gauge bosons sequentially, by first integrating out the Z boson at µ = M Z , followed by the
terms, while neglecting α (M W /M Z ) n , n > 0 power corrections. This is not a good choice to use for the standard model, since M W /M Z is not very small, and summing powers of M W /M Z is more important than summing α log 2 M W /M Z terms. Instead, we integrate out the W and Z at a common scale, chosen to be µ = M Z . In this way, we match directly from an SU (3) × SU (2) × U (1) gauge theory onto a SU (3) × U (1) em gauge theory of gluons and photons, and there are no complications of an intermediate stage of broken electroweak symmetry where the Z is integrated out, but not the W .
At the scale µ = M Z , integrating out the W and Z bosons give a matching correction to the SCET operator,
Since the electroweak symmetry is broken, the u and d 
The t L wavefunction factor due to Higgs exchange does not have the factor of two from the SU (2) index summation that is present for t R . The Higgs vertex graph, which causes c 1 − c 2 mixing, is 1/Q 2 suppressed. The anomalous dimension γ is used to run c 1,2 down to a scale of order m t . At this scale there are several different methods one can use. As for massless quarks, one can integrate out the scales m t , M W , M Z and M H in various ways, e.g. one can integrate out each particle at a scale µ equal to its mass, or integrate out one or more particles simultaneously at some common value of µ. Integrating out the top quark leads to a complicated effective theory with dynamical W and Z bosons which is no longer SU (2)×U (1) 
[ξ have already been included in the analysis of Ref. [36] .
The new results in this paper are the additional electroweak radiative corrections, including Higgs effects.
XI. NUMERICS AND CONCLUSIONS
We have shown how SCET methods can be used to compute the radiative corrections to electroweak processes. We discussed the results for massless external particles given in Ref. [19] in more detail, and derived the result that there is at most a single power of L Q in the matching at M to all orders in perturbation theory. The existence of L Q terms in the matching at M is a new feature of SCET with massive gauge bosons. The results of Ref. [19] have been extended to include external particle masses and radiative Higgs exchange corrections proportional to the Yukawa couplings.
Most of the paper used the vector-like SU (2) gauge theory. Section X explained in detail how the the results for the vector-like theory could be used to compute radiative corrections in the standard model, which is a chiral gauge theory. In this paper, we have computed radiative corrections to operators with two external particles. These can be used to compute the production rate for two external particles by a gauge invariant bilinear source. This could be applied to the decay rate of a (hypothetical) gauge singlet particle into two fermions. SCET methods can also be used to compute the radiative corrections to the dominant high-energy processes observable at the LHC, such as dijet production from quark-quark scattering. For a partonic process such as→ qq, the EFT operator is a four-quark operator, and the radiative corrections can be obtained by using the results of this paper, summed over all pairs of particles. The anomalous dimensions are about twice as big as the ones for the two-quark operators considered here. We postpone further discussion to a subsequent publication [20] .
We conclude by giving some plots which show the typical size of the radiative corrections. The LHC center of mass energy is √ s = 14 TeV. The partonic center of mass energy √ŝ is much lower, because a proton with energy E has partons with energy fraction x ≤ 1, given by a parton distribution f (x) which vanishes as x → 1. The bulk of the dijet cross-section is at lowŝ, but the LHC has sufficient luminosity to be able to observe the dijet cross-section up to √ŝ of order several TeV. We plot the Sudakov form factor for electron production viā Lγ µ P L L, u-quark production viaQ u γ µ P L Q u and t-quark production viaQ t γ µ P L Q t , which are the results given in Sec. X, for √ŝ between 0.25 and 8 TeV. Figure 12 gives the results for F E (Q 2 ) for the three cases, stopping the evolution at µ = M Z . In Fig. 13 , the EFT operators have been evolved all the way down to µ = 30 GeV, the typical invariant mass used to define a jet at the LHC. Figure 14 shows the electroweak contributions to the three form-factors as a percentage change relative to the form factor including only the QCD radiative corrections. We have used a Higgs mass of 200 GeV in the plots. Varying the Higgs mass between 150 GeV and 500 GeV makes a difference of less than 0.5%.
F E is normalized to unity in the absence of radiative corrections. Radiative corrections for electrons are about 7% at 2 TeV, and µ = M Z , increasing to about 8% for µ = 30 GeV due to the QED running below M Z . The corrections for quarks are much larger, 15% for the tquark, and 30% for the u-quark at µ = M Z , increasing to 40% and 50%, respectively, at µ = 30 GeV. There is also a significant difference between the results for t-and u-quarks, arising from power corrections which depend on m t /M W,Z and Higgs corrections which depend on the Yukawa coupling g t . The bulk of the difference is due to the power corrections, the g t terms are less than 1%.
5
The corrections for the four-quark operators needed for realistic processes are bigger, with corrections even to color singlet processes being greater than 20%. The radiative corrections are large enough that resummation is necessary to get an accurate prediction for the partonic cross-sections. We have shown how one can perform the resummation using EFT methods. Previous computations [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] have done the resummation using infrared evolution equations [3] . The EFT method allows one to include mass effects as well as Higgs corrections in a systematic way, which have not been included previously. It also handles the cross-over between the SU (3) × SU (2) × U (1) and the SU (3) × U (1) gauge theories above and below the weak interaction symmetry breaking scale, including the effects of unequal W and Z masses. The infrared evolution method uses a conjectured form for this cross-over with equal W and Z masses. The extension of previous results to massive external particles is currently being studied by other groups using a method-of-regions analysis [40] .
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